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We study the existence of bound states in the continuum for a system of n two-level quantum
emitters, coupled with a one-dimensional boson field, in which a single excitation is shared among
different components of the system. The emitters are fixed and equally spaced. We first consider
the approximation of distant emitters, in which one can find degenerate eigenspaces of bound states
corresponding to resonant values of energy, parametrized by a positive integer. We then consider the
full form of the eigenvalue equation, in which the effects of the finite spacing and the field dispersion
relation become relevant, yielding also nonperturbative effects. We explicitly solve the cases n = 3
and n = 4.
I. INTRODUCTION
The physics of effectively 1-dimensional systems is
recently attracting increasing attention, thanks to the
unprecedented possibilities offered by modern quantum
technologies. A number of interesting and versatile ex-
perimental platforms are available nowadays, to imple-
ment an effective dimensional reduction and enable pho-
ton propagation in 1D. These schemes differ in scope
and make use of diverse physical systems, such as optical
fibers [1, 2], cold atoms [3–5], superconducting qubits [6–
11], photonic crystals [12–16], and quantum dots in pho-
tonic nanowires [17, 18], the list being far from exhaus-
tive. Light propagation in these systems is character-
ized by different energy dispersion relations and interac-
tion form factors, yielding novel, drastically dimension-
dependent features, that heavily affect dynamics, decay
and propagation [19, 20].
Although the physics of single quantum emitters in
waveguides is well understood [3, 10, 21–23], novel phe-
nomena arise when two [24–34] or more [16, 19, 21, 22,
35–51] emitters are present, since the dynamics is influ-
enced by photon-mediated quantum correlations. In this
and similar contexts, sub- and super-radiant states of-
ten emerge. However, while standard (Dicke) superradi-
ance effects occur at light wavelength much larger than
typical interatomic distances [52–55], considering wave-
lengths comparable to the interatomic distance brings to
light a number of interesting quantum resonance effects.
In this article, we will apply the resolvent formalism
[56] to study the existence of single-excitation bound
states in the continuum in a system of n quantum emit-
ters. In these states, the excitation is shared in a stable
way between the emitters and the field, even though the
energy would be sufficient to yield photon propagation.
The case n = 2 has already been considered, both in the
one- and two-excitation sectors [26, 57]. Here, we extend
the results to general n, under the assumption of large
interatomic spacing compared to the inverse infrared cut-
off of the waveguide mode. We will then consider how
the corrections to such approximation crucially affect the
physical picture of the system, by explicitly analyzing the
cases n = 3 and n = 4 and briefly reviewing n = 2.
The paper is structured as follows. In Section II we in-
troduce the physical system, the interaction Hamiltonian
and the relevant parameters. In Section III we outline the
general properties of bound states in the continuum. In
Section IV we analyze and discuss the eigenvalues in the
continuum and the corresponding eigenspaces. In Sec-
tion V we comment on the existence of nonperturbative
eigenstates, that emerge when the interatomic spacing is
smaller than a critical value, depending on the number
n. In Section VI we summarize the result and outline
future research.
II. PHYSICAL SYSTEM AND HAMILTONIAN
We shall consider a system of n two-level emitters,
equally spaced at a distance d and characterized by the
same excitation energy ε. Henceforth, we shall occasion-
ally refer to the emitters as “atoms”. The ground and
excited state of each emitter will be denoted by |gj〉 and
|ej〉, respectively, with j = 1, . . . , N . The emitter ar-
ray is coupled to a structured one-dimensional bosonic
continuum (e.g., a waveguide mode), characterized by a
dispersion relation ω(k) ≥ 0, with k ∈ R, and represented
by the canonical field operators b(k) and b†(k), satisfying
[b(k), b†(k′)] = δ(k − k′). In absence of interactions, the
Hamiltonian of the system reads
H0 = ε
n∑
j=1
|ej〉〈ej |+
ˆ
dk ω(k)b†(k)b(k). (1)
When the total Hamiltonian H = H0+Hint is considered,
the interacting dynamics generally does not preserve the
total number of excitations
N =
n∑
j=1
|ej〉〈ej |+
ˆ
dk b†(k)b(k), (2)
unless a rotating-wave approximation is applied. In this
case, the interaction Hamiltonian reads
Hint =
n∑
j=1
ˆ
dk
[
Fj(k)|ej〉〈gj |b(k) + H.c.
]
, (3)
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2Figure 1. The system: n two-level emitters, placed at a rela-
tive distance d and characterized by excitation energy ε.
where Fj(k) is the form factor describing the strength of
the coupling of the jth emitter with a boson of momen-
tum k, and H can be diagonalized in orthogonal sectors
characterized by a fixed eigenvalue of N . The system is
sketched in Fig. 1.
The zero-excitation sector is spanned by the single
state |G(n)〉 ⊗ |vac〉, coinciding with the ground state of
H0, with
|G(n)〉 =
n⊗
j=1
|gj〉 (4)
and |vac〉 satisfying b(k)|vac〉 = 0 for all k’s. In this
Article, we will focus on the possibility to find bound
states in the one-excitation sector, in which the state
vectors can be expanded as
|Ψ1〉 =
n∑
j=1
aj |E(n)j 〉⊗|vac〉+|G(n)〉⊗
ˆ
dk ξ(k)b†(k)|vac〉,
(5)
with
|E(n)j 〉 = |ej〉
⊗
` 6=j
|g`〉. (6)
In particular, we will consider a continuum with a mas-
sive boson dispersion relation ω(k) =
√
k2 +m2, charac-
terized by the form factors
Fj(k) =
√
γ
2piω(k)
ei(j−1)kd, (7)
determined by the p ·A interaction of QED [56], with γ a
coupling constant with the dimensions of squared energy.
The Hamiltonian H = H0 +Hint, defined by the mas-
sive dispersion relation and by the form factors in Eq. (7),
depends on the four parameters ε, m, d and γ, all with
physical dimension. However, it is easy to show that H
can be recast in a form in which only dimensionless com-
binations of such parameters appear. Define Um as the
unitary operation that acts on the field operators as
Umb(k)U
†
m =
1√
m
b(k) =: b˜
(
k
m
)
, (8)
while acting trivially on the atomic sector. Then the
following identity holds:
H(m, ε, d, γ) = mUmH
(
1, ε˜, d˜, γ˜
)
U†m, (9)
with the (dimensionless) parameters in the right-hand
side defined as
ε˜ =
ε
m
; d˜ = md; γ˜ =
γ
m2
. (10)
In the following, since the spectra of the two Hamiltoni-
ans appearing in (9) are identical up to a factor m, we
will focus on the properties of H(1, ε˜, d˜, γ˜), dropping the
tilde from the dimensionless parameters and measuring
momentum k and energy E in units of m.
III. BOUND STATES IN THE CONTINUUM
By considering the expressions (1), (3), and (7), that
define the Hamiltonian, and the expansion (5) of the state
vector, the eigenvalue equation in the one-excitation sec-
tor reads
(ε− E)aj = −
√
γ
2pi
ˆ
dk
e−i(j−1)kd
4
√
k2 + 1
ξ(k),
(√
k2 + 1− E
)
ξ(k) = −
√
γ
2pi
n∑
l=1
a`
ei(`−1)kd
4
√
k2 + 1
.
(11)
From the second equation
ξ(k) = −
√
γ
2pi
n∑
`=1
a`
ei(`−1)kd
4
√
k2 + 1
(√
k2 + 1− E) , (12)
one infers that, since ξ(k) must be normalizable for a
bound state, the vanishing of the denominator, occurring
at k = ±√E2 − 1 for E > 1, must be compensated by the
vanishing of the numerator at the same points. There-
fore, the atomic excitation amplitudes and the energy
eigenvalue of bound states in the continuum necessarily
satisfy the following constraint:
n∑
`=1
a`e
±i(`−1)d√E2−1 = 0. (13)
By using the expression (12), one obtains the relation
(ε− E)aj = γ
2pi
ˆ
dk
∑n
l=1 a`e
i(`−j)kd
√
k2 + 1
(√
k2 + 1− E) , (14)
involving only the atomic excitation amplitudes and the
eigenvalue E. The equation above can be expressed in
the compact form
G−1(E)a = 0, (15)
with a = {aj}1≤j≤n and G−1 the inverse propagator ma-
trix in the single-atomic-excitation subspace, generally
defined for a complex energy z by
G−1(z) = (ε− z)1 − Σ(z), (16)
3where the self-energy matrix Σ has elements
Σj`(z) =
γ
2pi
ˆ
dk
e−i(j−`)kd√
k2 + 1
(√
k2 + 1− z) . (17)
The self-energy and the inverse propagator are well de-
fined only for non-real arguments and on the real half-
line (−∞, 1), and are characterized by a discontinuity for
z = E ∈ [1,∞), where generally
lim
δ↓0
[
Σ(E + iδ)− Σ(E − iδ)] 6= 0. (18)
Therefore, the coincidence of the two limits is a necessary
condition for (15) to be well defined and, a fortiori, for E
to be an eigenvalue. Finally, notice that Eq. (15) always
admits a trivial solution, which correspond, due to (12),
to the null vector. If G−1(E) is well defined, the equation
det G−1(E) = 0 (19)
provides a necessary and sufficient condition for E to be
an eigenvalue with a nontrivial solution a 6= 0, providing
the atomic excitation amplitudes of the corresponding
eigenstate.
The integrals that define the elements of the self-energy
in (17) can be evaluated by analytic continuation in the
complex plane for z = E ± i0 and E > 1, yielding
Σjl(E ± i0) = ±iγ√
E2 − 1
(
e±i|j−l|d
√
E2−1 ± i b|j−l|(E)
)
,
(20)
with the first term derives from integration around one
of the poles at k = ±√z2 − 1 and the second one
bj(E) =
√
E2 − 1
pi
ˆ ∞
1
e−jλd√
λ2 − 1
E
E2 + λ2 − 1 dλ; (21)
from integration around one of the branch cuts of the
analytic continuation. Notice that the bj functions are
real for E > 1. In the case j = 0, the integral can be
evaluated analytically and yields
b0(E) = − 1
pi
log
(
E −
√
E2 − 1
)
. (22)
In the general case, the cut contribution must be eval-
uated numerically. However, a relevant property follows
from the definition (21),
|bj(E)|
|b0(E)| ≤ exp(−jd) for E > 1, (23)
implying that, for a sufficiently large spacing d, the terms
bj>0 can be neglected as a first approximation. In the
following, we will show that, interestingly, the inclusion
of such terms in the analysis on one hand entails selec-
tion rules that remove the degeneracy of bound states
in the continuum, on the other hand displaces by orders
O(e−d) the energies, resonance distances and amplitudes
that satisfy the constraint in Eq. (13).
The boson (photon) eigenfunction (12) in the position
representation reads
ξ(x) =−
√
γ
2pi
ˆ ∞
−∞
dk
∑
` a`e
i(x−(`−1)d)k
4
√
k2 + 1
(√
k2 + 1− E)
=
n∑
`=1
a`ξ1 (x− (`− 1)d) (24)
with
ξ1(x) =−
√
γ
2pi
 ∞
−∞
dk
eixk
4
√
k2 + 1
(√
k2 + 1− E)
=
√
γE
E2 − 1
(
sin
(
|x|
√
E2 − 1
)
− η(x)
)
, (25)
where
η(x) =
1
2pi
√
E2 − 1
2E
ˆ ∞
1
dλ
e−|x|λ
4
√
λ2 − 1
√
λ2 − 1− E
E2 + λ2 − 1
(26)
is the O(e−x) cut contribution. Notice that the princi-
pal value prescription is required to define the integral
appearing in ξ1 for E > 1, while the integral in ξ is reg-
ularized by the constraint (13).
IV. EIGENVALUES AND EIGENSTATES
A. Block-diagonal representation of the propagator
Given the form (15) of the eigenvalue equation for the
atomic amplitude vector a and the dependence of the
propagator on the inter-atomic distance d and the tran-
sition energy ε, it is convenient to introduce the matrix
An(θ, β0,β), with β = {βp}1≤p≤n−1, depending on n+ 1
real parameters and defined as
[An(θ, β0,β)]j` = e
i|j−`|θ + iβ|j−`|, j, ` = 1, . . . , n,
(27)
in terms of which the propagator reads
G−1(E) = − iγ√
E2 − 1An
(
θ(E), χ(E), b(E)
)
, (28)
with
θ(E) =d
√
E2 − 1, (29)
χ(E) =
ε− E
γ
√
E2 − 1 + b0(E), (30)
and bj>0(E) as defined in Eq. (21).
The matrix An can be recast in a block-diagonal form
by exploiting the invariance of the Hamiltonian with re-
spect to spatial reflections around the midpoint between
the first and n-th emitter, transforming the local basis
4|E(n)j 〉 with the unitary transformation
Un|E(n)j 〉 =

|E(n)j 〉−|E(n)n−j〉√
2
for j ≤ n2
|E(n)j 〉 for j = n+12
|E(n)j 〉+|E(n)n−j〉√
2
for j ≥ n2 + 1
. (31)
The action of such transformation, that is also real and
symmetric, on the components in the local basis can be
expressed for even n = 2h and odd n = 2h + 1 in terms
of the h × h identity matrix 1 h and “exchange” matrix
Jh (i.e. the matrix with ones on the counterdiagonal as
the only nonvanishing elements) as
Un =
1√
2
(
1 h −Jh
Jh 1 h
)
(32)
and
Un =
1√
2
1 h 0 −Jh0 √2 0
Jh 0 1 h
 , (33)
respectively. The transformation Un generalizes the
change from the local basis to the Bell basis for n = 2
[26]. In the new representation, the self-energy and the
propagator are block diagonal:
UnAnUn = A
−
n ⊕A+n , (34)
where A−n (θ, χ, b) is the bn/2c × bn/2c matrix acting on
the antisymmetric space, and A+n (θ, χ, b) is the dn/2e ×
dn/2ematrix acting on the symmetric space of the qubits.
Therefore, the eigenvalue equation (15) can be reduced
to the quest for nontrivial solutions of the two decoupled
linear systems
A±n
(
θ(E), χ(E), b(E)
)
a± = 0, (35)
Eigenvectors with indefinite reflection symmetry are al-
lowed only if the same energy E is an eigenvalue for both
systems (35) for the same set of parameters ε, d and γ.
Examples of eigenstates with definite symmetry, whose
relevance will be discussed in the following, are shown in
Fig. 2.
Throughout this section, we will first analyze bound
states by neglecting O(e−d) terms in the self-energy, and
then discuss the consequences of including all the bj>0
terms in the cases n = 2, 3, 4.
B. Large spacing approximation
When dm is large, the terms bj , with j > 0, in the self-
energy are exponentially suppressed and will be neglected
as a first approximation, namely b = 0. Both matrices
A±n (θ, χ,0) are singular if and only if θ = νpi, with ν ∈ N,
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Figure 2. Pictorial representation of the atomic excitation
amplitudes aj with 1 ≤ j ≤ n, localized on the emitter posi-
tions (red bars) and the field wavefunction ξ(x) (blue lines)
for different bound states in the continuum of a system of
n = 3 [panels (a)-(b)] and n = 4 [panels (c)-(f)] emitters with
d = 7 and γ = 0.01.
and χ = 0. The former condition selects the possibile
eigenvalues in terms of the spacing d
E = Eν(d) =
√
1 +
ν2pi2
d2
, (36)
which will be called resonant energies in the following
the, while the latter condition
ε = Eν(d) +
γd
νpi
log
(
Eν(d)− νpi
d
)
(37)
provides a constraint involving the excitation energy, the
spacing and the order ν of the resonance. Equation (37)
defines a discrete family of curves in the (ε, d) plane, iden-
tifying the values ε for which a bound state in the contin-
uum exists. The emitter configurations associated to the
eigenvalues (36) satisfy different conditions, derived from
the constraint (13), according to the parity of the reso-
nance. For even ν, for all the eigenvectors, the atomic
5excitation amplitudes must sum to zero
n∑
j=1
aj = 0; (38)
while for odd ν one obtains
n∑
j=1
(−1)jaj = 0. (39)
Hence, each eigenvalue Eν(d) is characterized by an
(n− 1)-fold degeneracy. It is worth observing that, since
both matrices A±n are characterized by the same singu-
larity conditions at this level of approximation, the same
eigenvalue can occur in both the symmetric and anti-
symmetric sector. In such cases, the eigenstates are not
characterized by a well-defined symmetry.
The boson wavefunction associated to the eigenstates
can be derived according to Eq. (24), considering E =
Eν(d). Neglecting the η contribution in (25), the single-
emitter contribution to the field is given by the oscillating
function
ξ1(x) ∝ sin
(
νpi|x|
d
)
, (40)
whose half-wavelength coincides with d/ν. The boson
wavefunction in the same approximation thus reads
ξ(x) ∝
n∑
`=1
a` sign (x− (`− 1)d) sin
(νpix
d
)
, (41)
for even ν, and
ξ(x) ∝
n∑
`=1
a` (−1)`−1sign (x− (`− 1)d) sin
(νpix
d
)
;
(42)
for odd ν. In both cases, due to the conditions (38) and
(39), respectively, the field vanishes identically for x < 0
and x > nd, and is therefore confined inside the emitter
array.
Finally, it is worth observing that all possible n-emitter
eigenstates can be obtained as linear combinations of
two-emitter eigenstates at different positions. However,
we will show in the following that O(e−d) effects, how-
ever small, remove this degeneracy, and imply selection
rules related to the reflection symmetry of the atomic
eigenstates.
C. Full form of the self-energy
The degeneracy observed by approximating the self-
energy as discussed in the previous subsection is lifted
by considering the terms bj , with j > 0. We now discuss
in detail this phenomenon. The effect of these terms can
be summarized in the following points:
i) At given d and Eν(d), only one of the two matri-
ces A±n (νpi, χ(Eν(d)), b(Eν(d))), namely the one for
which
A±n (νpi, 0,0) = 0, (43)
continues to be singular for some values of ε and
γ. The matrix satisfying the property (43) is the
antisymmetric one for odd n and the one with sym-
metry (−1)ν+1 for even n. Details on this general
result are given in the Appendix.
ii) The values of χ(E) (and hence of ε, through
Eq. (37)) corresponding to the eigenstates with en-
ergy Eν(d) will depend on the eigenstate. For any
fixed ε, only one stable state with energy Eν(d) can
generally be found, with the orthogonal states be-
coming unstable (although they can be long-lived).
iii) If A±n (νpi, 0,0) does not satisfy condition (43), then
A±n (νpi, χ(Eν(d)), b(Eν(d))) is in general no longer
singular. However, the corresponding stable states
do not entirely disappear, but undergo a slight
change in their amplitude and energy, which is now
displaced with respect to Eν(d). Such states must
be studied numerically.
Here, we will explicitly examine these effects in the three
cases n = 2, 3, 4. Moreover we shall focus on eigenstates
connected by continuity to the resonant bound states dis-
cussed in the previous subsection, postponing comments
on the emergence of strong-coupling eigenstates, charac-
terized by energies E & 102 distant from the resonant
values, to the remaining part of this Article.
1. n = 2
With respect to the inclusion of the cut terms in the
self-energy, n = 2 represents an oversimplified case, since
the linear systems A±n (θ, χ, b) reduce to single equations,
and the singularity conditions read
A±2 (θ, χ, b1) = 1± eiθ + i(χ± b1) = 0, (44)
corresponding to eigenstates in which the emitter excita-
tion amplitudes exactly satisfy
a2
a1
= ±1. (45)
The peculiarity of n = 2 lies in the fact that the condition
θ = νpi, with odd ν in the symmetric sector and even ν in
the antisymmetric sector, still holds for both symmetries.
Therefore, eigenvalues will be fixed by the condition χ =
b1, that generalizes Eq. (36), and the constraint on the
emitter excitation energy thus reads
ε = Eν(d) +
γd
νpi
[
b0(Eν(d)) + (−1)νb1(Eν(d))
]
. (46)
6Figure 3. Spectral lines in the (E, d) plane for a system of
n = 3 equally spaced emitters. Red lines correspond to anti-
symmetric configurations, while blue lines to symmetric ones.
For larger values of the distance, the curves follow with excel-
lent approximation the resonant values in Eq. (36). For d . 2,
the difference between the eigenvalues of the lowest-energy
symmetric and antisymmetric state becomes appreciable.
In this case, the inclusion of b1 = O(e
−d) in the self-
energy does not shift energies away from the resonant val-
ues and does not remove any degeneracy, since the sym-
metric and antisymmetric eigenstates already occurred
for different ν’s [26].
2. n = 3
For a system of three emitters, the eigenvalue equation
breaks down into a single equation for the antisymmetric
sector and a system of two equations in the symmetric
case. In the former case, the eigenvalues are determined
by the solution of
A−3 (θ, χ, b) = 1− e2iθ + i(χ− b2) = 0. (47)
As in the n = 2 case, the real part of the above equa-
tion is sufficient to ensure that the resonance condition
θ = νpi, here with any ν ∈ N is still valid, and the cor-
responding energy must be in the form (36). The con-
straint on ε and d for the existence of an antisymmet-
ric eigenstate, with the atomic excitation proportional to
(|E(1)3 〉 − |E(3)3 〉)/
√
2, is now determined by the equation
χ(E) = b2(E).
Instead, in the symmetric sector, where the eigenener-
gies are determined by the equation
0 = detA+3 (θ, χ, b)
= det
(
1 + iχ
√
2(eiθ + ib1)√
2(eiθ + ib1) 1 + e
2iθ + i(χ+ b2)
)
, (48)
it is possible to directly check that, after imposing θ = νpi
with an integer ν, one can find no solution, as their
existence would imply at least one of the conditions
b2(E) = ±3
√
b1(E)2 ± 2b1(E). Actually, the energy of
the symmetric bound state in the continuum
E = Eν(d) + (−1)ν
√
E2ν(d)− 1
dEν(d)
b1(Eν(d)) +O(e
−2d)
(49)
is shifted by an amount of O(e−md) with respect to the
resonant value Eν(d), corresponding to a shift δθ '
(−1)νb1(Eν(d)) in the phase. The values of (ε, d) at
which the symmetric bound states occur can now be de-
rived from the condition
χ(E) = 2(−1)νb1(Eν(d)) +O(e−2d), (50)
with E given by (49). For the lowest-order resonances
ν = 1, one can observe that the energy of the symmet-
ric state is shifted downwards with respect to the value
E1(d), that is exact for the antisymmetric state. This
effect is evident in Fig. 3, in which the behavior of the
eigenvalues corresponding to bound states in the con-
tinuum for both parity sector is represented in terms of
d. The trajectories of the bound states are displayed in
Fig. 4.
While the excitation amplitudes of antisymmetric
bound states are constrained to the values
a2 = 0,
a3
a1
= −1, (51)
the amplitudes of the symmetric states depend on the
parameters and on the magnitude of the cut contribu-
tions. If the terms bj>0 are neglected, the symmetric
bound state is characterized by
a3
a1
= 1,
a2
a1
= 2(−1)ν+1, (52)
with the second value sensitive to O(e−d) corrections
when the bj ’s are included. These states were pictori-
ally represented in the top panels (a)-(b) of Fig. 2, for
relevant values of the parameters d and γ. In the follow-
ing section, we will find that bound states with different
amplitudes, not connected by continuity to the ones de-
scribed above, can emerge in the case ε 1, a regime in
which, however, the validity of the quasi-one-dimensional
QED on which our model is based becomes questionable.
A relevant parameter that characterizes the features of
bound states in the continuum is the total probability of
atomic excitations
p = a†a = 1−
ˆ
dk|ξ(k)|2, (53)
that “measures” how the single excitation is shared be-
tween the emitters and the field. In this case, the prob-
abilities p
(3)±
ν for the symmetric (+) and antisymmetric
(−) eigenstates read
p(3)+ν '
(
1 +
2γdEν
3(E2ν − 1)
+
γ
pi(Eν + 1)
)−1
, (54)
p(3)−ν '
(
1 +
2γdEν
E2ν − 1
+
2γ
pi(Eν + 1)
)−1
, (55)
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Figure 4. Behavior of the bound state energies E in the
vicinity of the resonant values E1(d) (upper panel) and E2(d)
(lower panel) for n = 3, as a function of ε. The two variables
have been accordingly rescaled to show the most relevant de-
tails in the two panels. In both panels, the curves referred to
symmetric (blue lines) and antisymmetric states (red lines)
as trajectories, parametrized by the distance d at which the
related bound state occurs, with the arrows pointing towards
increasing distances. Notice that the antysimmetric bound
state corresponds in both cases to the resonant energy, while
the energy of the symmetric state approaches the resonant
value as d increases.
up to order O(e−d). As we found in the case n = 2 [26],
the emitter excitation decreases with coupling and dis-
tance and increases with energy. In Fig. 5 we show the
probabilities for the symmetric and antisymmetric states
with ν = 1, computed from the approximate expressions
(54)-(55) with varying d and γ. In the whole parame-
ter range, the approximate expressions provide, even for
small d, a very good estimate of the exact values, which
differ by less than 10−3 in the symmetric case and less
than 2.5× 10−2 in the antisymmetric case.
3. n = 4
For a system made of n = 4 emitters, the eigenvalues in
both symmetry sectors are determined by the singularity
0 0.2 0.4 0.6 0.8 1.0
(a) a3
a1
= 1, a2
a1
' 2 (b) a3
a1
= −1, a2 = 0
Figure 5. Total atomic excitation probability p = a†a , when
n = 3, for the symmetric (left panel) and antisymmetric
bound states with energy close to E1(d). The color scale is re-
ported above the plots. We used the approximate expressions
(54)-(55).
conditions of the 2× 2 matrices
A±4 (θ, χ, b)
=
(
1± eiθ + i(χ± b1) eiθ ± e2iθ + i(b1 ± b2)
eiθ ± e2iθ + i(b1 ± b2) 1± e3iθ + i(χ± b3)
)
.
(56)
If the cut contributions are neglected, the singularity con-
ditions yield θ = νpi and χ = 0, and two complementary
pictures emerge according to the resonance parity. For
even ν, the three-dimensional subspace corresponding to
the eigenvalue Eν(d) is spanned by the whole antisym-
metric sector and by the symmetric state with
a1 = −a2 = −a3 = a4. (57)
For odd ν, the eigenspace of Eν(d) is still three-
dimensional, spanned by the whole symmetric sector and
by the antisymmetric state with
a1 = a2 = −a3 = −a4. (58)
When the bj>0 terms are included, it is still possible to
find eigenstates with resonant energy Eν(d) in the anti-
symmetric sector for even ν and in the symmetric sector
for odd ν. In the former case, such states occur when the
parameters (ε, d, γ) satisfy(
χ(Eν)−b1(Eν)
)(
χ(Eν)−b3(Eν)
)
=
(
b1(Eν)−b2(Eν)
)2
.
(59)
The conditions derived from the two branches of the
above equation, quadratic in χ, yield the two eigenstates
characterized, at the lowest order in bj , by the amplitudes
a1 = −1±
√
5
2
a2 =
1±√5
2
a3 = −a4 (60)
and the atomic excitation probabilities
p(4)−ν '
(
1 +
9±√5
5±√5
γdEν
E2ν − 1
+
γ
pi(Eν + 1)
)−1
. (61)
80 0.2 0.4 0.6 0.8 1.0
(a) a1
a2
' − 1+
√
5
2
, symmetric (b) a1
a2
' − 1−
√
5
2
, symmetric
(c) a1
a2
' 1, antisymm. (d) a1
a2
' 0.33, symmetric
Figure 6. Total atomic excitation probability p = a†a , when
n = 4, for the eigenstates defined by Eqs. (60)-(63), charac-
terized by a resonant energy E1(d) (upper panels), and for
the two stable states (58) and (67), with E < E1(d) (lower
panels). The color scale is reported above the plots.
In the case of odd ν, if the model parameters satisfy(
χ(Eν) + b1(Eν)
)(
χ(Eν) + b3(Eν)
)
=
(
b1(Eν) + b2(Eν)
)2
(62)
one finds symmetric eigenstates with E = Eν(d), ampli-
tudes
a1 = −1±
√
5
2
a2 = −1±
√
5
2
a3 = a4 (63)
and atomic excitation probabilities
p(4)+ν '
(
1 +
13±√5
5±√5
γdEν
E2ν − 1
+
γ
pi(Eν + 1)
)−1
. (64)
These are the states that were pictorially represented in
the lower panels (c)-(f) of Fig. 2, for relevant values of
the parameters d and γ. The atomic probabilities of the
four classes of eigenstates defined by Eqs. (60)-(63) are
shown in Fig. 6.
The states defined by the amplitudes (57)-(58) persist
as eigenstates even after the introduction of the cut inte-
gration terms. However, their energies and the ratios be-
tween local amplitudes are shifted by a quantity O(e−md)
with respect to Eν(d) and to the values in Eqs. (57)-(58),
Figure 7. Spectral lines in the (E, d) plane for a system of
n = 4 equally spaced emitters. The red lines correspond to
antisymmetric configurations, while blue lines to symmetric
ones. As in the n = 3 case, the approximation of the res-
onant values in Eq. (36) becomes more and more effective
for larger values of the distance. For d . 2, the difference
between the eigenvalues of the lowest-energy symmetric and
antisymmetric states becomes appreciable, with a symmetric
state characterized by the amplitudes (67) being related to
the lowest eigenvalue at a fixed d.
respectively. Specifically, at a fixed distance d, the anti-
symmetric state with amplitudes connected by continu-
ity to (58) is characterized by an eigenvalue E < E1(d),
slightly smaller than the resonant value. The total atomic
probabilities corresponding to states in this class reads
p(4)+ '
(
1 +
γdEν
E2ν − 1
+
γ
pi(Eν + 1)
)−1
, (65)
with even ν, for the symmetric state, and
p(4)−ν '
(
1 +
γdEν
E2ν − 1
+
γ
pi(Eν + 1)
)−1
, (66)
with odd ν, for the antisymmetric one.
The numerical analysis of the determinant of the ma-
trices (56) reveals the existence of a new class of non-
degerate eigenstates, characterized, in the distance range
2 . d . 6, by the amplitudes
a1 ' 0.33 a2 = 0.33 a3 ' a4 (67)
with energy close to Eν(d) for odd ν, and
a1 ' −0.33 a2 = 0.33 a3 ' −a4 (68)
with energy close to Eν(d) for even ν. The energy of such
states is shifted with respect to the resonant values. In
particular, one of the symmetric states (67) is character-
ized by an eigenvalue slighlty smaller than E1(d), which
makes it the lowest-energy bound state in the continuum
for a system of n = 4 emitters at a fixed spacing d, as
9can be observed in Fig. 7. The states (67) and (68) are
characterized by the values
p(4)+ν '
(
1 +
3γdEν
5(E2ν − 1)
+
γ
pi(Eν + 1)
)−1
(69)
and
p(4)−ν '
(
1 +
3γdEν
5(E2ν − 1)
+
γ
pi(Eν + 1)
)−1
(70)
of the emitter excitation probability, respectively, with
Eν(d) the closest resonant energy to the actual eigen-
value. The behavior of the lowest-energy bound states in
the continuum is shown in detail in Fig. 8.
V. PAIR FORMATION OF HIGH-ENERGY
EIGENSTATES
Condition (19), which determines the eigenvalues of
the system, is a complicated equation in E, featuring
the functions θ(E), χ(E) and φ(E). In the previous sec-
tion, we have analyzed the solutions that can be con-
nected by continuity to the resonant energies (36) in the
limit e−d → 0. However, the non-polynomial character
of Eq. (19) can generally gives rise to new solutions at
finite d, which are unrelated to the resonant eigenval-
ues and eigenspaces. In particular, this phenomenon is
facilitated for very small d (in units m−1), when the mag-
nitude of all the bj>0 is relevant and comparable to that
of b0, and expanding the equations for small e
−d becomes
immaterial.
Figures 9 and 10 display general features of such non-
perturbative states, for n = 3 and n = 4, respectively.
These features are confirmed for higher n. At a suffi-
ciently high value of the distance, all the eigenvalues are
connected by continuity to Eν(d), with ν ∈ Z+. When
distance decreases, additional eigenvalues start appear-
ing in the (E, d) plane, between Eν(d) and Eν+1(d), im-
mediately branching in two distinct eigenvalues, whose
energy increases when distance is further decreased. The
observed processes of pair formation in the cases n = 3, 4
occur roughly at the same value of d. To quantify the
range in which the phenomenon occurs we define the
critical distance d
(n)
c as the value which marks the ap-
pearence of the first eigenstate of this class between E1(d)
and E2(d). We obtain the values dc = 0.063 for the n = 3
system and dc = 0.052 for n = 4. Notice that no state
of this kind is observed with energy below E1(d). The
value of energy Ec corresponding to the critical distance
is Ec ' 79 for n = 3 and Ec ' 101 for n = 4. Thus, in-
dependently of the values of the parameters ε and γ, the
energy of such states exceeds the mass m by at least two
orders of magnitude, an energy range in which the valid-
ity of our model, at least in a waveguide QED context,
is far from being ensured. However, as one can observe
from Tab. I, the critical energy decreases to an order 10
for larger systems.
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Figure 8. Behavior of the bound state energies E in the
vicinity of the resonant values E1(d) (upper panel) and E2(d)
(lower panel) for n = 4, as a function of ε. The two variables
have been accordingly rescaled to show the most relevant de-
tails in the two panels. The brown and blue lines (that are in
practice superposed) are relative to the states defined by the
amplitudes (63), the green line describes the energy of the
states (58) in the upper panel and (57) in the lower panel,
while the red line coincides with the energy of the configura-
tions (67) in the upper panel and (68) in the lower panel. All
the curves are represented as trajectories parametrized by the
distance d at which the bound state occurs, with the arrows
pointing towards increasing distance. While the energy of the
states satisfying (63) are equal to the closest resonant value
for all spacings, the eigenvalues related to the other states
approach the resonant energies as d increases.
The nonperturbative eigenvalues always correspond to
symmetric eigenstates, in which the field is characterized
by a central half-wavelength that is far from multiple
integers of the interatomic spacing, as can be observed
in both Figs. 9–10. From the expression (12) one infers
that, in such high-energy states, the field wavefunction is
suppressed and the single excitation is almost entirely
shared by the emitters. Finally, we observe that, for
n > 4, we have found the existence of more than one pair
of nonperturbative eigenstates between Eν and Eν+1.
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Figure 9. Characterization of nonperturbative eigenstates for
n = 3. Panel (a): trajectory of the pair eigenstate with
energy between E1 and E2 in the (E, ε) plane (in units of
E2), parametrized by the distance d, with the arrows point-
ing towards increasing values. At d = dc = 0.063, the two
eigenvalues merge and disappear. Panel (b): field probability
density |ξ(x)|2 corresponding to the critical case. Panels (c)-
(d): field probability density |ξ(x)|2 for the pair of eigenvalues
corresponding to (very) small d = 10−2. Panel (e): spectral
lines in the (E, d) plane; three branching points of eigenvalue
pairs are visible. Panel (f): Existence condition of the lowest-
energy nonperturbative eigenstate pair in the (ε, d) plane for
γ = 10−2.
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0.0 0.5 1.0 1.5 2.0 2.5 3.00.00.5
1.01.5
2.02.5
x/d
10
4 |ξ2
(b)
0.0 0.5 1.0 1.5 2.0 2.5 3.00.0
0.51.0
1.5
x/d
10
6 |ξ2
(c)
0.0 0.5 1.0 1.5 2.0 2.5 3.00.0
0.51.0
1.52.0
x/d
10
7 |ξ2
(d)
(e)
(f)
Figure 10. Characterization of nonperturbative eigenstates
for n = 4. Panel (a): trajectory of the eigenstate pair with
energy between E1 and E2 in the (E, ε) plane (in units of
E2), parametrized by the distance d, with the arrows point-
ing towards increasing values. At d = dc = 0.052, the two
eigenvalues merge and disappear. Panel (b): field probability
density |ξ(x)|2 corresponding to the critical case. Panels (c)-
(d) field probability density |ξ(x)|2 for the pair of eigenvalue
corresponding to (very) small d = 10−4. Panel (e): spectral
lines in the (E, d) plane; three branching points of eigenvalue
pairs are visible. Panel (f): existence condition of the lowest-
energy nonperturbative eigenstate pair in the (ε, d) plane for
γ = 10−2.
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n 4 6 8 10 12
dc 0.05 0.18 0.26 0.30 0.33
Ec 101 28 20 16 15
Table I. Critical values of the distance dc at which the non-
perturbative eigenvalue pair between the resonant energies E1
and E2 appears, and corresponding energy Ec, for arrays with
different number of equally spaced emitters.
VI. CONCLUSIONS
We have studied the existence and main features of
bound states in the continuum for a multi-emitter sys-
tem in a one-dimensional configuration. We have found
that, remarkably, finite-spacing non-Markovian effects
can break the degeneracies typical of the Markovian ap-
proximation, affecting eigenstates, eigenvalues and the
physical model that features specific bound states. Fu-
ture research will be devoted to the study of degeneracy
breaking and the subsequent collective effects in systems
with a large number of emitters.
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APPENDIX
Appendix A: General properties of the eigenvalue
equation
The method used to characterize resonant bound states
for a system of n emitters in the case of general n is based
on the decomposition (35) in decoupled parity sectors. In
Section IV B, we proved that, neglecting the bj>0 terms,
the eigenvalue equation reduces to χ(E) = 0, yielding
(n−1)-times degenerate eigenvalues Eν(d), with ν ∈ Z+,
corresponding to eigenvectors whose atomic excitation
amplitudes are constrained by (38) or (39) according to
the sign (−1)ν . Here, we prove that the resonant en-
ergies Eν(d) persist as exact eigenvalues even after the
introduction of cut integration terms, for some value of
the excitation energy ε.
The reduction to a block-diagonal form provided by
the transformations (32) and (33) enables one to recast
the eigenvalue equation into the decoupled problems
det[A±n (θ(E), χ(E), b(E))] = 0. (A1)
For definiteness, let us first consider the case of even n =
2h. Let us introduce for convenience the quantities
βνj =
{
χ(Eν(d)) if j = 0
bj(Eν(d)) if j > 0
(A2)
and the real and symmetric matrices
Aνq =

βν0 β
ν
1 β
ν
2 . . . β
ν
q−1
βν1 β
ν
0 β
ν
1 . . . β
ν
q−2
βν2 β
ν
1 β
ν
0 . . . β
ν
q−3
...
...
...
. . .
...
βνq−1 β
ν
q−2 β
ν
q−3 . . . β
ν
0
 , (A3)
Bνq,p =

βνq β
ν
q−1 β
ν
q−2 . . . β
ν
q−p
βνq−1 β
ν
q−2 β
ν
q−3 . . . β
ν
q−p−1
βνq−2 β
ν
q−3 β
ν
q−4 . . . β
ν
q−p−2
...
...
...
. . .
...
βνq−p β
ν
q−p−1 β
ν
q−p−2 . . . β
ν
q−2p
 , (A4)
and C±q as the q×q matrix characterized by the elements[C±q ]j` = (±1)j+`. (A5)
If ν is even, then
−iA−2h(νpi, χ(Eν(d)), b(Eν(d))) = Aνh−Bν2h−1,h−1, (A6)
and
−iA+2h(νpi, χ(Eν(d)), b(Eν(d))) = Aνh+Bν2h−1,h−1−2iC+h ,
(A7)
while, for odd ν,
−iA+2h(νpi, χ(Eν(d)), b(Eν(d))) = Aνh+Bν2h−1,h−1, (A8)
and
−iA−2h(νpi, χ(Eν(d)), b(Eν(d))) = Aνh+Bν2h−1,h−1−2iC−h .
(A9)
Fixing E = Eν(d) and considering the expression of
χ(E), Eq. (A1) can be generally recast in the form
det(M− ε1 ) = 0, (A10)
implying that Eν(d) is an eigenvalue of the system if and
only if ε is the real eigenvalue of some matrix M. From
the expressions (A6)-(A8), one can notice that, in the
antisymmetric sector for even ν and in the symmetric
sector for odd ν, the matrix M is Hermitian, entailing
the existence of n values of ε, real and generally distinct,
corresponding to physical systems in which a bound state
with energy Eν(d) is present. Those values of ε collapse
to a single degenerate value in the e−d → 0 limit. In the
cases (A7)-(A9), insteads, M is not Hermitian, its the
eigenvalues are generally no longer real, and the bound
state energies displace from the resonant values.
The case of odd n = 2h+ 1 is slighlty different. There,
for all resonance orders ν, in the antisymmetric sector
− iA−2h+1(νpi, χ(Eν(d)), b(Eν(d))) = Aνh − Bν2h,h−1,
(A11)
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leading to a condition (A10) with a HermitianM, which
implies that all the Eν(d) are eigenvalues correspond-
ing to antisymmetric bound states for generally different
physical systems. On the other hand, the matrixM cor-
responding to all resonances in the symmetric sector is
never Hermitian, since it features an imaginary and sym-
metric contribution proportional to C±h+1.
Appendix B: Unstable states
The resolvent formalism, employed in the main text to
evaluate the existence and properties of bound states,
also provides information on the lifetime of unstable
states. The step required to perform this kind of analy-
sis in the analytic continuation of the self-energy to the
second Riemann sheet
Σ
(II)
j` (z) = Σj`(z)−
2iγ√
E2 − 1 cos (|j − `|θ(z)), (B1)
where z is a complex energy. The lifetimes of unstable
states are determined by the solutions zp = Ep − iγp/2
of the equation
det(G(II))−1
(
Ep − iγ
2
)
= 0 with γp > 0, (B2)
with
(G(II))−1(z) = (z − ε)1 − Σ(II)(z). (B3)
We are now going to consider the properties of the com-
plex poles of the propagator.
n=3
The block-diagonalization procedure applied to a sys-
tem of three emitters implies the singularity conditions:
χ(z) = − i
2
(
2 + e−2iθ(z)
)
− b2(z)
2
± 1
2
√
f3(θ(z), b(z)),
(B4)
for symmetric states and
χ(z) = b2(z)− i
(
1− e−2iθ(z)
)
, (B5)
for antisymmetric states, with
f3(θ, b) = 8b
2
1+b
2
2+16ib1e
−iθ−8e−2iθ+2ib2e−2iθ−e−4iθ.
(B6)
Introducing the functions R3(θ, b) = Re(f3(θ, b)),
S3(θ, b) = Im(f3(θ, b)), the real and imaginary part of
roots of the complex poles for the two blocks read
E+p ≈ ε+
γ
2
√
(E+p )2 − 1
2b0(E+p ) + b2(E+p ) + sin (2θ(E+p ))∓
√
R3(θ,b) +
√
R23(θ,b) + S
2
3(θ,b)
2
 (B7)
γ+p
2
≈ γ
2
√
(E+p )2 − 1
2 + cos (2θ(E+p ))±
√
−R3(θ,b) +
√
R23(θ,b) + S
2
3(θ,b)
2
 , (B8)
E−p ≈ ε+
γ√
(E−p )2 − 1
(
b0(E
−
p ) + b2(E
−
p ) + sin (2θ(E
−
p ))
)
, (B9)
γ−p
2
≈ γ√
(E−p )2 − 1
(
1− cos (2θ(E−p ))
)
. (B10)
The behavior of the complex poles of the propagator for n = 3 is reported in panel (a) of Fig. 11.
n=4
The singularity condition for the symmetric and anti-
symmetric blocks in the n = 4 system read
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Figure 11. Pole trajectories in the complex energy lower half-plane for n = 3 [panel (a)] and n = 4 [panels (b)-(c)]. The
fixed parameters are set to d = 15 and γ = 2pi × 10−4, while ε varies between 1 and 1.4]. Red and orange trajectories are
associated with symmetric eigenstates, while blue and, purple ones refer to antisymmetric states. In the insets, we report
the ratios between the first derivatives dIm(zp)/dRe(zp) related to two different curves, both approaching the real axis (i.e.,
corresponding to a stable state) at the same point, corresponding to the lowest-energy resonance in the plots. Notice that,
close to the resonance points, the imaginary parts of the unstable poles scale linearly in n.
χ(z) = − i
2
(
2 + e−iθ(z) + e−3iθ(z)
)
− b1(z) + b3(z)
2
± 1
2
√
f+4 (θ(z), b(z)), (B11)
χ(z) =
i
2
(
−2 + e−iθ(z) + e−3iθ(z)
)
+
b1(z) + b3(z)
2
± 1
2
√
f−4 (θ(z), b(z)), (B12)
respectively, with
f+4 (θ, b) =
4(b1 + b2)
2 + (b1 − b3)2 + i(10b1 + 8b2 − 2b3)e−iθ + i(5i + 8b1 + 8b2)e−2iθ + i(8i− 2b1 + 2b3)e−3iθ − 2e−4iθ − e−6iθ,
(B13)
f−4 (θ, b) =
4(b1 − b2)2 + (b1 − b3)2 + i(10b1 − 8b2 − 2b3)e−iθ + i(5i− 8b1 + 8b2)e−2iθ − i(8i + 2b1 − 2b3)e−3iθ − 2e−4iθ − e−6iθ,
(B14)
where we have defined R±4 (θ, b) = Re(f
±
4 (θ, b)), S
±
4 (θ, b) = Im(f
±
4 (θ, b)). In this way approximate decoupled solutions
are
E+p ≈ ε+
γ
2
√
(E+p )2 − 1
2b0(E+p ) + b1(E+p ) + b3(E+p ) + sin (θ) + sin (3θ)∓
√√√√R+4 (θ, b) +√R+24 (θ, b) + S+24 (θ, b)
2
 ,
(B15)
γ+p
2
≈ γ
2
√
(E+p )2 − 1
2 + cos (θ) + cos (3θ)±
√√√√−R+4 (θ, b) +√R+24 (θ, b) + S+24 (θ, b)
2
 , (B16)
E−p ≈ ε+
γ
2
√
(E−p )2 − 1
b0(E−p )− b1(E−p )− b3(E−p )− sin (θ)− sin (3θ)∓
√√√√R−4 (θ, b) +√R−24 (θ, b) + S−24 (θ, b)
2
 ,
(B17)
γ−p
2
≈ γ
2
√
(E−p )2 − 1
2− cos (θ)− cos (3θ)±
√√√√−R−4 (θ, b) +√R−24 (θ, b) + S−24 (θ, b)
2
 , (B18)
The behavior of the complex poles of the propagator for n = 4 in the symmetric and antisymmetric sectors is
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reported in panels (b)-(c) of Fig. 11.
We finally comment on the phenomenon of emergence
of nonperturbative eigenstates in the low-spacing regime.
Such poles appear when one of the complex poles with
negative imaginary part in the second Riemann sheet ap-
proaches the real axis (see Fig. 12). Due to the analytic
properties of the resolvent, this pole actually merges on
the real axis with a pole of the analytic continuation
Σ
(III)
j` (z) = Σj`(z) +
2iγ√
E2 − 1 cos (|j − `|θ(z)) (B19)
in the upper half-plane. Further decreasing the spacing,
the two poles split on the real axis and increase their
energy difference.
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